SWITCHING ALGEBRA

Elements = B =4{0,1}
Algebra = +
Operators = {OR, AND, NOT}

Properties of Boolean algebra

la. 4+ 0=2 1b. -1 =z | Identity element
2. x+1=1 2b. -0=0 | Universal bound
38. r4+x=x 3b. x-x =2 | Idempotency
4a. r+x =1 4b. z-z =0 | Complementation
5. T ==« Involution

6a. xr+y=y+=x Commutativity

ob. x-y=y-x
7a. 2+ (y+2)=(x+y) + = Associativity
. 2-(y-2)=(x-y) -z
8a. z-(y+2)=(x-y)+ (x-2) | Distributivity
8b. z+(y-2)=(z+y) (x+2)

9a. z+y=x-y DeMorgan’s law
Ob. T =3 +7

10a. z+4+(z-y) ==« Absorption

10b. z-(z+vy) ==z

11a. (z-y)+ (z-y) == Combining

11b. (z+vy) - (x4+9y) ==

12a. s 4+y=zx+2=>y==z2 Non-Cancellation
12b. z-y=x-z2=>y==2

13a. 2+ (z-y) =2+ vy No name?

13b. z-(z+vy) =z -y

Where + = OR, - = AND, = NOT




Switching Functions f: {0,1}" — {0,1}

f is a function of n variables zq,...,xn such that
xT; - {O,l},lgign
f(xq,...,xzn) € {0,1}

Any Boolean function f can be specified either by

Truth table
Row#£ x1 T ... Tp_1 Tn | f
0 — | 0O 0 ... 0 0O | -
1 — | O O 0 1 | -
2" -2 — | 1 1 1 0 | -
2" -1 — | 1 1 1 1 | -

There are 2™ combinations of O's and 1's.

Boolean expression ¢ such that f(xq,...,zn) = e
where e is either a Boolean constant, a Boolean
variable, or any expression that contains constants,
variables or Boolean operators. Examples:

f(x1,20,23) = (x1 P x3) - To+ 1
f(ﬂ?]_,xz) — I
f(x1,20,23,24) =0

Boolean algebra is used to simplify and minimize Boolean
expressions for given Boolean functions



Basic Switching Functions
(Logic Gates)
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Algebraic Simplifications
(Reduce the length of a Boolean expression)

Simplify f(x1,22,23) = 173 + T172 + T17273

r1x3 + \fle + 51517253 +x1xoI3 Absorption
r1x3 + T1T2 —I—V\flfjg(xg + 52)/ Distributivity
13 + 170 + 513_33@ Complementation
x1x3 + Tr120 + % Identity element
\51582 + 33153 +x173 Commutativity
T1ao + Tary + T3Ty Commutativity
xr1To + T3 £$1V+ 551)1 Distributivity
r1xo + :33&1/) - Complementation
= f(x1,20,23) = T127 —|—\E§/ Identity element

Simplify f(z1,x2,23) = 2123 + Tox3 + 123 + Tox3

x1T3 + r173 + 5253 +xox3 Commutativity
z1(Z3 + 23) + xQ(:cg + 23) Distributivity
X1 (1) +Zo (1) Complementation

= f(xl,:cQ,x3) = f}/"‘\i; Identity element

Simplify
f(z1,20) = Z1Z0 + 2120 + 7172
f(x1,22,23) = 1 + T120203 + T173
f(x1,22,23) = (1 + T2 + 2172)(z122 + T123 + 2273)

f(x1,z0,23,24) = (2273 + T124)(£1Z2 + 237T4)
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Demonstrations
(Are two Boolean expressions equivalent?)

Algebraic demonstration

(x1 + z3)(T1 + Z3) = r1Z3 + T173

LHS =
(33‘1 -+ a:3)£1 -+ (xl -+ x3)f3 Distributivity
x1T1 + 371 + x1T3 + 313 Distributivity
O+ x321 + 123+ 0 Complementation
r3T1 + 113 Identity element
r1T3 + 113 Commutativity
= RHS

Tabular demonstration

?

T y=r+y
r y|lz|y|lrzy|TyY|T+Y
O Oofl1]1] O 1 1
O 11|00 O 1 1
1 0/0|1] O 1 1
1 1(o0/1| 1 0 0
LHS | RHS

What are the advantages of algebraic demonstration
over tabular demonstration and vice-versa?



Minterms and Maxterms

In truth table of f(x1,...,2n) €ach combination of O’s
and 1's can be represented as a

Minterm [y - l>- --- -l (product term)
= 0O if a least one literal is O

Maxterm [{ + 1>+ --- 4+ 1, (sum term)
— 1 if a least one literal is 1

where literal |; = x; or x;, for 1 <:<n

3-variable minterms and maxterms

Row | 1 xo 3 Minterm Maxterm
O O 0 O mo : x1x2x3 | Mg : 1+ xo + 3
1 0 0 1 mq i x1x0x3 | My x1 + x5 + 3
2 0 1 0 mo . x1x2x3 | Mo : x1 + xTo + x3
3 O 1 1 m3 . x1xox3 | M3 .11+ X0 + I3
4 1 0 O | mg:xz1x0T3 | Mg 21+ 20 + 3
5 1 0 1 msg . x1xox3 | Mg : X1 + x> + 3
§ 1 1 O me : 12223 | Mg : 1 + T + 23
4 1 1 1 | m7:xix003 | M7 21+ 0 + I3
DeMorgan's law = { mi = M oo <i<n
Mi == my

Note: not all product terms (respectively, sum terms)

are minterms (respectively, maxterms)
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Canonical Forms

Any function f(xzq1,...,xn) Can be expressed as a

Canonical sum of products: (CSOP) Sum of
minterms for which f has value 1

2" —1

f(l?]_,...,il?n): Z (azmz)

1=0

Canonical product of sums: (CPOS) Product of max-
terms for which f has value O

on_q
fz1,...,zn) = ] (a; + M)
i=—0

where «; (1 <¢<2™—1) is the value of f

Example if f(x1,22) = 1 ® x> then

CSOP: f($]_,$2) =mi1+mp = Zm(172)

Ox1x lz1x lxz1x Ox1x
1Zo + 1x120 +1x120 +0x122
mi mp

CPOS: f(z1,z2) = Mg - M3z =][M(O0,3)

(O‘|‘CU1]\‘; 22)(1+z1 +72)(1 4+ 71 +w2)(0+51; z2)
0 3
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Examples of Canonical Forms

f(x1,20,23) =21 Do D23

# |1 x> x3 | Minterm Maxterm f
O, 0 0 O r1xox3 |1+ xo+x3 | 1
1,0 0 1 x1Tox3 | x1+xo+x3 || O
2,10 1 O ri1xrox3 |1+ xTo+x3 || O
310 1 1 r1xox3 |1+ To+x3 | 1
4,1 0 O x1Tox3 | x1+xo+ 23 || O
511 0 1 r1Tox3 | x1+xTo+2x3 || 1
6|1 1 O r1xox3 | x1+To+2x3 || 1
711 1 1 r1rox3 |1+ xTo+x3 || O
U
CSOP:

f(z1,22,23) = mg + m3 + ms + mg = >-m(0,3,5,6) =
T122x3 + T172x3 + 1273 + T1T2T3

CPOS:
f(x1,20,23) = M1 - Mo - My-M7=]IM(1,2,4,7) =
(1 + 22+ 23)(x1 + 22+ 23)(T1 + 22+ 23)(T1 + 72+ 73)
Equivalence of forms CSOP = CPOS conversions

1. Interchange symbols > and []

2. List those numbers missing in the original

Example from above
>-m(0,3,5,6) =[IM(1,2,4,7)



Standard Forms

Sum of products: (SOP) Not all product terms are
minterms

flx1,z0,23) =120 + T3 + 12023

Product of sums: (POS) Not all sum terms are max-
terms

f(x1,z0,23) = (1)(Z2 + z3)
From standard form to canonical form

SOP — CSOP For each missing variable x; in a term
t perform (xz; + x;) -t. Then simplify and eliminate
redundant minterms

Ex: f(x1,72,23) = T122 + T3 + 217073
= Z1zo(x3 4+ 73) + (1 + 1) (2 + Z2)Z3 + x12023
= Z1x2r3 + T1X2T3 + T1X2T3 + T1T2T3 + T1X2x3 +
T1T2T3 + T1T2T3
= Z1X2%3 + T1T2T3 + T1T2T3 + T1XT2T3 + T1TpT3 +
T1T2T3
ms3 + mo + mg + mg + mog + my
> m(0,2,3,4,6,7) = CSOP f(x1,x2,23)

POS — CPOS For each missing variable z; in a term
t perform (x; - ;) +t. Then simplify and eliminate
redundant maxterms



Remarks on Logic Functions

Uniqueness The CSOP or CPOS of a logic function is
unique

CSOP f1 = CSOP f5
Equivalence f1 = fo» & or
CPOS f1 = CPOS f5

Number of n-variable switching functions 22"
Ex: there are 22° 2-variable switching functions

Truth tables of 16 functions of two variables

v y| Fo | Fy | s | F5| Fa | Fs | s | FY

O O O 0 O 0 0 O 0 0

O 1| O 0 0] 0 1 1 1 1

1 0| O 0 1 1 O 0 1 1

1 1 O 1 0 1 O 1 0 1

Op / / ® | +
x y| Fg| Fo| Fio | F11 | F12 | F13 | F14 | F1s
O O 1 1 1 1 1 1 1 1
O 1| O 0] 0 O 1 1 1 1
1 0| O O 1 1 0 O 1 1
1 1 O 1 O 1 0 1 O 1
Op. | | |~| " | = | " | = |1




Two-Variable Switching Functions

Function Op. Name Comment
Fo=20 Null constant O
Fi =xy x -y AND x and y
Fr ==y x/y Inhibition x but not y
F3 ==« Transfer x

Fp =y y/x Inhibition y but not x
Fg =1y Transfer Y
Fe=xy+xy xPy EXxclusive-OR either x or y
Fr=x+y x4y OR x Or y
Fg=x+4y x|y NOR Not-OR
Fg=zxzy+2xy x~y EXxclusive-NOR «x equals y
Fio=y Y Complement Not y
Fii=x4+y y—= Implication if y then «x
Fio==x x Complement Not x
Fiz=x+y x—vy Implication if x then y
Fia ==y x Ty NAND Not-AND
Fig=1 Identity constant 1

Exclusive-NOR is also known as Equality, Coincidence
or Equivalence

From canonical form to standard form
e By algebraic simplification (as in slide #4)

e By graphical simplification (we'll see soon)
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Functional Completeness

A set F' of operators is functionally complete if and
only if any Boolean function f: {0,1}" — {0,1} can be
expressed using operators from F' only

F ={OR,AND,NOT} is functionally complete (?)

F = {NOR} is functionally complete

OR:z+y=ac+y=a+y+0=(x]y)lO

AND : z-y=Z+y=(210) ] (y]0)

NOT : 2=2z4+0=2]0

F = {NAND} is functionally complete

OR:z+4+y=z-y=@@IT1THT1)

AND . 2z - y=7z-y=72z-y-1=(xTy) 11

NOT . z=x-1=2x71

Example

f(z,y,2) =@+y)@+z)=c+y+y+-=z
=(zly) ] (@2

floy,2) =ayt+yz=ay-yz=@Ty) 1 @12



Switching Circuits

Implement (or realize) switching functions
e EXxpression — Circuit
e Term — Gate

e Literal — Input to gates

Functions can be realized in many ways
X _
DEXXOFW

Some gates can have more than 2 inputs

EDE e

invert—-OR AND-invert

NAND

R

DR

invert—AND OR-invert

b 4
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Logic Design and Analysis

Design Realize the logic circuit corresponding to a given
function

f(z,y,2)

U

§}j>m

z

The circuit may be further minimized if necessary

Analysis Determine the logic function corresponding to
a given circuit

” ) S
, -
T ) B R
U
flz,y,z) =(S,R) = (@@ydzz(ydz)+yz)

The function may be further minimized if necessary
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Circuits with Universal Gates

NAND and NOR gates are simpler and cheaper than
NOT, AND, OR gates

NAND Circuits
(Better for implementing SOP expressions)

NOT AND OR

P
e [ L P e | By

NOR Circuits
(Better for implementing POS expressions)

NOT AND OR

) e
5 o ;@&@ ] e
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Implementations with NAND Gates

f(a’7 b7 C7 d)

g(a'7 b7 C? d)

SOP expression

ab~+ ac+ d

ab+ ac+ d

ab-ac-d

ablactld

(atd)1(@rte)ld

(@7 @®T1)T(aT1)Tec)T(dT1)

POS expression

(a+b)(a+c)d
a+b-a+c-d
ab-ac-d
(@1b)(aTc)
(@1b)(aTc)d
@I T (@lo)1d

= ((@1b)7(@Te)Td) 11

(((@aT1)1b6)T(aT(cT1))Td)T1
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Implementations with NOR Gates

f(a’7 b7 C7 d)

g(a,b,c,d)

SOP expression

ab~+ ac+ d

ab+ac+d

it b+atctd
(alb)+(alc)+d
(alb)+(alc)+d
(alb)l(alc)ld
((@lb)l(alc)ld)]lO
(((@l0)lb)l(al(cl0))Ild)]O

POS expression

(a+b)(@a+c)d

(a+b)(@a+c)d

at+b+at+c+d
a—I—Eic_L—I—clcT

= (alb)l(@le)ld

(@] (610)) ] ((al0)]lc)l(d]O)
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